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NONLOCAL DEPENDENCIES IN DATA

/G(w,y)d)(y)dy = f(z), =z,y€ D CR"

d=1 x = (x;) A = [g(zi, y;)] = [aij]
d=2 ©=(Ti,i,) A = [9(Tiyigs Yjrja)] = [Qirigjigal = [ (irs1)(inin)]
d =2 |x = (Tiyigis) | A = [9(@iyigiss Yjrjajs)] = [@irigjijnisss] = [@(irh1) (inga) (isis)]

d=1 A = [a;] matrix
d=2| A= [ag,j)(ijs)) 4-tensor / matrix
d = 2| A = [a(i,j,)(izjs)(isjs)] | 6-tensor / 3—tensor

LARGE-SCALE ARRAYS
DIMENSION | GRID SIZE | MATRIX SIZE | n for mem = 1Gb | mem for n = 128

2D BEM,d =1 n mem = n? 11000 125 Kb
3D BEM, d = 2 n? mem = n* 100 2 Gb
3D VEM, d = 3 n3 mem = n° 23 32Th




IDEA FOR TENSOR COMPRESSION

SEPARATE VARIABLES!
\>

@
/ oo ||

USE ONLY SMALL PORTION OF DATA!




RANK STRUCTURED APPROXIMATIONS

27
/@(w,y)qﬁ(y)dsy = f(x), z,y€e 9N — Ax=0b>
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2D CROSS APPROXIMATION
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Find A~ A, = Y uqv; (sum of skeletons).
qg=1

0 Initialization: p = 1, 77 = 1.

1 Compute column j,, subtract current approximation values Ap. Find pivot .

2 Compute row %p, subtract current approximation values Ap. Find pivot jp+1 7# Jp-
3 Using the cross (%,, Jp), construct a new skeleton annihilating this cross.

4 Check stopping criterion, set p := p + 1, return to 1.



MAXIMAL VOLUME PRINCIPLE

Assume that

I|A — [MATRIX OF RANK < K]||» < e,

and let A be a block matrix of the form

[ All A12 ]
A21 A22 ’

where Aq; is nonsingular, k X k, and of maximal volume among all k X k
submatrices. Then

|[A22 — A A Al < (K +1) e

e S.A.Goreinov, E.E.Tyrtyshnikov, N.L.Zamarashkin, A theory of pseudo-skeleton approx-
imations, Linear Algebra Appl. 261: 1-21 (1997).

e S.A.Goreinov, E.E.Tyrtyshnikov, The maximal-volume concept in approximation by low-
rank matrices, Contemporary Mathematics, Vol. 208 (2001), 47-51.



APPROXIMATION OF MATRICES AND 3D ARRAYS

Reshaping (reordering of multi-indices):
Qij = Q(iq,ig,i3)(J1.d2.d3) — Q(i1,51) (i2,52) (i3,43) — Qijk
1= (ilvjl)v J — (i29j2)7 k = (i37j3)-

Tensor approximation of a matrix:

A= Ar = Z U; X V; X Wt, U; = [u(il,jl)t]a Vi = [v(’iz,jz)t]’ W, = [w(j3aj3)t]'

t=1

Trilinear approximation of a tensor (3D array):

.
A = [ai], aijk < Aijjx = E Uit Vit W -
t—1

Tensor approx. of a matrix < Trilinear approx. of a 3D array




3D ARRAYS AND MATRICES

Slices in one mode

Matrices of slices
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TRILINEAR DECOMPOSITION

r

Qi = E UitV Wit
t=1

MINIMIZATION ALGORITHMS

r 2
min E E Uit Vjt Wt — Q45K .
UV, W “— P

1,7,k

[+] standard algorihms: ALS, Gaufl-Newton, Damped LM Newton.
[—] costly iteration, slow convergence without a good initial guess.

[—] necessity of a priori knowledge of 7.



TRILINEAR DECOMPOSITION

r

Qi = E UitV Wit
t=1

MATRIX-BASED ALGORITHMS

oer—=mn
Generalized Schur decompostion

A=[A)], A,=UB,V', Q'A.Z =RB,L".
[+] Fast algorithms fetching a good initial guess
[—] Restriction: » = n.
er >n

Matriz methods for overdetermined cases
are not discussed in the literature.



TRILINEAR DECOMPOSITION

All methods are too slow
for n > 128.

TUCKER DECOMPOSITION

™1 T2 T3
Qi — SJ SJ SJ Gij k' WiV 5/ Wkt

i'=1 j'=1 k'=1

Tucker factors U, V, W are orthogonal matrices,
array G = [gy k2] is much smaller than A.

TRILINEAR DECOMPOSITION FOR LARGE n
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TUCKER DECOMPOSITION

1. Consider matrices of slices

A = :a'?(k:i): = @ikl

2. Compute SV D for each of them.
AY =8/, A®D=VvE,®], A® =wWx;d],
3. Find the Tucker core via transformation

n n n
gi'j'k! = SJ SJ SJ QiU V5 WEE!

i=1 j=1 k=1

3

Complexity = O(n*) plus n® computations of the entries of \A.

We suggest an algorithm with almost linear complexity




3D CROSS EXISTENCE THEOREM

Suppose we are aware that
AngiUXjVXkW—l—g, ||£||:s

holds for some U, V, W and G. Then there exist matrices U’, V'’ and
W' of sizes mq1 X 71, no X r9 and ng X r3 and consisting of some 7
columns, 7o rows and 73 fibers, of A, respectively, and a tensor G’ such
that
A=¢g XZ'U/ X Vv’ X W’—I—gl,
where
€ |lc < (rirers + 27179 + 271 + 1)e.

[.Oseledets, D.Savostyanov, E.Tyrtyshnikov,
Tucker dimensionality reduction of three-dimensional arrays in linear time,
submitted to SIMAX, 2006.



3D CROSS APPROXIMATION
Complexity = O(n?)
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Fnd A~ A=Y A, X w,.

q=1

1 Compute the slice Ay, subtract approx. values A.
Find pivot Ag,.

2 Compute a fiber wy, subtract approx. values A. Find pivot kpi1 # kp.
3 Skeleton Ay, X wyp nullifies the slice-by-fiber cross.

4 Check stopping criterion, set p := p + 1, return to 1.



3D CROSS APPROXIMATION
Complexity = O(nr?)
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Find A~ A= ) u; X vg X wy.
q=1

1 Compute a cross approzimation of the slice Ay, = upqv;q,
q=1

subtract approx. values A.
Find pivot Ag, (HOW CAN WE DO THIS?)

2 Compute a fiber wy, subtract approx. values A. Find pivot kpi1 # kp.

3 Skeleton ) upq X vpq X wp nullifies the slice-by-fiber cross.

4 Check stopping criterion, set p := p + 1, return to 1.



NUMERICAL RESULTS
aije = 1//i2 + j2 + k2, 1<,3,k<n

Ranks and approximation accuracy

1.10—3 1.10—5 l.y0—7 1.10—9
n r err r err r err r err
64 7 3.77T10—4 |11 3.91190—6 |14 5.710—8 |18 2.2119—10
128 | 8 5.19990—4 |12 5.9210—6 |17 2.00790—8 |20 5.6319—10
206 |9 4.1110—4 |14 6.419—6 |19 3.46190—8 |23 4.519—10
512 |9 4.9310—4 |15 6.6719—6 |21 2.9210—8 |26 3.27190—10

1024 |10 5.4719—4 |17 3.2110—6 |23 3.9510—8 29 4.7310—10
2048 |11 4.9810—4 |18 5.2679—6 |20 6.8310—8 |31 5.94790—10
4096 |11 8.410—4 |19 4.2510—6 |27 3.56190—8 |34 3.3819—10
8192 |12 6.810—4 |20 6.0019—6 |28 5.810—8 |36 3.6619—10
16384 |13 2.6919—4 |22 4.7810—6 |30 5.65190—8 |39 2.6710—10
32768 |13 8.5210—4 |23 6.0919—6 |32 7.16990—8 |41 5.5179—10
65536 |14 6.2710—4 |24 6.52790—6 |34 7.89190—8 |43 1.4119—9




NUMERICAL RESULTS

Qi — 1/\/’i2+j2—|—l{32,

Ranks and memory savings

1<123k<n

1l.0—3 | 1.40—5 | 1l.10—7 | 1.10—9

n full | mem | mem |7 mem | 7r mem
64 2Mb | 7 11 14 18
128 | 16Mb | 8 12 17 20
256 | 128Mb | 9 14 19 23
512 1Gb |9 15 21 26
1024 | 8Gb |10 17 23 29
2048 | 64Gb |11 18 25 31
4096 | 512Gb |11 19 27 34

8192 | 4Tb |12 2.5Mb |20 4Mb |28 5.2Mb |36 7Mb

16384 | 32Tb |13 5Mb |22 8Mb |30 11Mb |39 15Mb

32768 | 256Tb |13 10Mb |23 17Mb |32 24Mb |41 20Mb

65536 2Pb |14 21Mb |24 36Mb |34 51Mb |43 64Mb




NUMERICAL RESULTS

aij = 1/(1° + j° + k?),

Ranks and approximation accuracy

1.10—3
r err

T

1.10—5
err

r

1<12,3,k<n

l.y0—7
err

1.10—9
err

64
128
256
512
1024
2048
4096
8192
16384
32768
65536

8§ 3.4319—4
9 4.25190—4
10 4.440—4
11 4.07190—4
12 4.78190—4
12 4.0510—4
13 3.8190—4
14 6.1410—4
15 8.08190—4
15 8.2190—4
16 2.9810—4

12
13
15
17
18
20
21
22
24
25
26

2.1810—6
5.8110—6
3.89190—6
3.4910—6
6.2710—6
3.7310—6
5.2410—6
4.56190—6
4.1910—6
4.66190—6
5.6910—6

15
18
20
22
24
26
28
31
32
34
36

4.1190—8
2.0610—8
2.8610—8
3.7810—38
5.3910—8
6.2110—8
5.1110—8
2.8510—8

4.10—8
5.4110—8
6.4610—8

18
21
24
27
30
33
36
38
41
14
46

5.63190—10
5.2610—10
4.7810—10
4.5510—10
3.710—10
3.3110—10
2.3710—10
3.7810—10
5.65190—10
2.410—10
4.3810—10




NUMERICAL RESULTS

aij = 1/(1° + j° + k?),

Ranks and memory savings

1<12,3,k<n

1.0—3 | 1.10—5 | 1.30—7 | 1.10—9

n full | mem | mem|r mem |7 mem
64 2Mb | 8 12 15 18
128 | 16Mb | 9 13 18 21
256 | 128Mb | 10 15 20 24
512 1Gb |11 17 22 27
1024 | 8Gb |12 18 24 30
2048 | 64Gb |12 20 26 33
4096 | 512Gb |13 21 28 36
8192 | 4Tb |14 22 31 38

16384 | 32Tb |15 5Mb |24 9Mb |32 12Mb |41 15Mb

32768 | 256Tb |15 11Mb |25 19Mb |34 26Mb |44 33Mb

65536 2Pb |16 24Mb |26 40Mb |36 54Mb |46 69Mb




NUMERICAL RESULTS
Aijk — 1/(i2+j2‘|'k32)3/27 1 S i’jak S n

Ranks and approximation accuracy

1.10—3 1.10—5 l.q0—7 1.10—9

n r err r err T err r err
64 |7 3.81190—4 |11 3.4510—6 |15 2.0310—8 |18 2.5419—10
128 |8 2.9510—4 |12 5.37990—6 |16 5.3670—8 |20 5.5919—10
200 |8 3.8210—4 |13 6.6819—6 | 18 6.0919—8 |23 2.1710—10
512 |8 3.56190—4 |14 3.96190—6 |20 3.77190—8 |25 4.2670—10
1024 |8 3.73190—4 |15 3.9299—6 |21 4.6610—8 |27 3.6819—10
2048 |8 3.7210—4 |16 2.2170—6 |23 2.58190—8 29 4.81190—10
4096 |8 3.74190—4 |16 3.8410—6 24 2.5190—8 |31 4.5319—10
8192 |8 3.74190—4 |16 4.14490—6 |25 4.92190—8 |32 1.0219—9
16384 |8 3.7619—4 |16 6.16990—6 |25 5.1470—8 |34 9.3819—10
32768 | 8 3.75190—4 |16 4.8219—6 |26 5.4679—8 |36 3.4510—10
65536 |8 3.75190—4 |16 9.0079—6 |26 7.78190—8 |37 5.2810—10




THEORY: TENSOR RANK ESTIMATES
Asymptotically smooth generating function: a;; = F'(src; — obs;)

|[DPF(v)| < ed®pll|o|?™",  Vp > 0.
art ... grm

T (Bu)PL. .. (Bug)Pm

p

P=(Piy+++yPm)y, P =D1+...+DPm,

Tensor grids:

SIrc; = (Cl)l,...,wd), obs; = (yla"'vyd)

THEOREM.
r < (co+erlogh™) ptt 4,
[{A — A, }ij| < e2v”||sre; — obs;|?.

E.E. Tyrtyshnikov,
Tensor approximations of matrices generated by asymptotically smooth

functions, Sbornik: Mathematics 194, No. 5-6 (2003), 941-954
(translated from Mat. Sb. 194, No. 6 (2003), 146-160).



THEORY: TENSOR RANK ESTIMATES

Approximation error (d = 3)
€abs — C27p||v||ga € — Eyrel — C27p

r < (co + ¢ log h_l) (03 loge™! + c4)2 + T.
On almost uniform grids h™! ~ n

r < clognlog®e™1.



PRACTICAL PROOF

aije = 1//i2 + j2 + k2, 1<,3,k<n
Tensor rank versus array size

(I)DaHF allllpOKCUMaNNU: MaccuB b, TounocTs 1077
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r ~ logn



PRACTICAL PROOF

aije = 1//i2 + j2 + k2, 1<,3,k<n
Tensor rank versus approximation error

" Panr anmpokcnMannn: maccus b, pasmep 21
| | |
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r ~ loge™!



PRACTICAL PROOF

aijkzl/(i2+j2+k2)a 1<1,3,k<n
Tensor rank versus array size

(l)jaHF ANNPOKCUMAIIUN: MacCuB ¢, TouHocTb 1077
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PRACTICAL PROOF
aijkzl/(i2+j2‘|‘k2)a 1Si9jakén

Tensor rank versus approximation error

. 16
Panr anmpoxkcuMaiini: MaccuB ¢, pasMep 2
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ASYMPTOTICS OF TENSOR RANK

Theory

Practice

3PaHF ANMTPOKCUMAIME: MACCHB a, To9HOCTh 1077

r < lognlog®e™

r ~ lognloge™
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TENSOR SOLVER WITH TENSOR VECTORS

/ qﬁ(y)dy = f(z), x,yeD=10:1)°

A’LL = f, Wijks fijk: on the grid n X n X n.

grid size n 16 32 64 128 256 512

full matrix [128Mb 8Gb 512Gb 32Tb 2Pb 128Pb
tensor format| 50Kb 200Kb 1.1Mb 5Mb 22Mb 96Mb
time 0.3sec 1.5sec 12.4sec 48sec 2.5min 16min




FAST SIMULTANEOUS ORTHOGONAL REDUCTION
TO TRIANGULAR MATRICES

Given m X 1 real matrices A1, ..., A, find orthogonal . X . matrices Q and
Z such that matrices

B, = QA.LZ

are as upper triangular as possible.

e [ .Oseledets, D.Savostyanov, E.Tyrtyshnikov,

Fast simultaneous orthogonal reduction to triangular matrices,
submitted to SIMAX, 2006.



SIMULTANEOUS EIGENVALUE PROBLEM

Gien real matrices Ay, ...y A, find orthogonal Q and Z making matrices
QA Z, ..., QA,.Z as upper triangular as possible.

DEFLATION STEP:

~ )\k ’U;lc_ ~
QAkZ ~ = QAkZel ~ Ar€1

0 By




ALGORITHM. Given 7 real matrices Ay, ..., A, of size n X n, find orthog-
onal matrices Q and Z such that the matrices QA Z are as upper triangular
as possible:

L.

Setm=n, B,=A;,, 1t =1,....,.7, Q = Z = 1.

2. If m = 1 then stop.
3.
4

. Find m X m Householder matrices Q,,,, Z,, such that

Solve the simultaneous eigenvalue problem Brx = Ay, k= 1,...,7.

_ T _
r=a1Q, e, Yy = azZpye.

. Calculate Cj, as (m — 1) X (m — 1) submatrices of matrices By, defined

as follows: -
-~ L (873 ’Uk
Bk_QBkZ_(ek Ck>.

. Set

I(n—m) X (n—m) 0 I(n—m) X (n—m) 0

Set m =m — 1, By = C}, and proceed to the step 2.



Gauss-Newton algorithm for the simultaneous eigenvalue problem

n
Y Akz; = Ay (1)
j=1

Introduce r X m matrices

()i = Afj,k =1,..,7 ,2=1,....m,5J =1,...,n,
and a column vector A = [Aq, ..., A;]'. Then (1) becomes

Z Tia; = Ay . (2)
j=1

Gauss-Newton: linearize the system producing an overdetermined linear system
and then solve it in the least squares sense.

Y Zja;=AXMy" + A0y, Z=x+A, ||Z].=1. (3
j=1



Gauss-Newton:
Yl Zja; = ANy +AAyT, T=x+ A, ||Z]=1.

Exclude Ay and AAg:

Hy = hel, C\ = ce,
using Housholder matrices H and C' (of sizes m X m and r X r) such that

n
T;a; = ce; Ay + hAXelT, (4)
j=1

a; =Ca;H', Ay=HAy, AX=CAA.

Problem (4) is split into two independent problems:

e To find Z, minimize || >°7_, bjz;||%, [|z|| = 1, where the matri-
ces b; are obtained from a; by replacing the elements in the first
row and column by zeroes.

e Then, Ay and A can be determined from the equations

n n
Oz = hAXe, k= 2,0r, (D Z;65) 1 = cAY;, i = 2,...,1.
j=1

=1



For the two unknowns Ay; and Axl, we have only one equation, so one of
these unknowns can be chosen arbitrary:.

Having obtained the new &, we propose to evaluate y and X by the power
method as follows:

A=by, y= bT)‘a <5>

where



Our main problem is one of finding the minimal singular value of a matrix
B = [vec(by), ..., vec(by)],

where the operator vec transforms a matrix into a vector taking the elements
column-by-column.

Therefore, x is an eigenvector (normalized to have a unit norm) for
the minimal eigenvalue of the n X n matrix I' = B' B:

Ffl}\ = ")/minC/B\.
The elements of I' are given by
I13l — (bsa bl)F

where (-, <)z is the Frobenius (Euclidian) scalar product of matrices.
To calculate the new vector Z, we need to find the minimal eigenvalue
and its eigenvector of I'.

Solution consists of the two parts:
1. Calculation of the matrix I'.

2. Finding the minimal eigenvalue and the corresponding eigenvector of the
matrix I'.



Since only one eigenvector for I' is to be found, we propose to use the shifted
inverse iteration using x from the previous iteration as an initial guess.

COMPLEXITY = O(n?).

Straitforward implementation of Step 1 includes
O (n*r 4+ nr?) (calculation of b;) + O(n?rn)(calculation of the B' B)
arithmetic operations.

The total cost of the step 1 is
O(n3r + n?r + nr2).

However, I' can be computed a way more efficiently without the explicit com-
putation of the Householder matrices.



